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Abstract
A multidimensional cosmological model with scalar and form fields
[1, 2, 3, 4] is studied. An exact S -brane solution (either electric or
magnetic) in a model with l scalar fields and one antisymmetric form
of rank m ≥ 2 is considered. This solution is defined on a product
manifold containing n Ricci-flat factor spaces M1, ...,Mn . In the case
when the kinetic term for scalar fields is positive definite we singled
out a special solution governed by the function cosh . It is shown that
this special solution has Kasner-like asymptotics in the limits τ → +0
and τ → +∞ , where τ is a synchronous time variable. A relation
between two sets of Kasner parameters α∞ and α0 is found. This
relation, named as “scattering law” (SL) formula, is coinciding with
the “collision law” (CL) formula obtained previously in [5] in a context
of a billiard description of S -brane solutions near the singularity. A
geometric sense of SL formula is clarified: it is shown that SL trans-
formation is a map of a “shadow” part of the Kasner sphere SN−2
(N = n+ l ) onto “illuminated” part. This map is just a (generalized)
inversion with respect to a point v located outside the Kasner sphere
SN−2 . The shadow and illuminated parts of the Kasner sphere are
defined with respect to a point-like source of light located at v . Ex-
plicit formulae for SL transformations corresponding to SM2 - and
SM5 -brane solutions in 11 -dimensional supergravity are presented.
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1 Introduction
In [6] a multidimensional model describing the cosmological “evolution” of n
Einstein spaces in the theory with l scalar fields and several antisymmetric
forms was considered. When electro-magnetic composite S -brane ansatz
was adopted, and certain restrictions on the parameters of the model were
imposed, the dynamics of the model near the singularity was reduced to a
billiard on the (N − 1) -dimensional hyperbolic (Lobachevsky) space HN−1 ,
N = n+ l .
We recall that Kasner-like solutions have the following form
g = wdτ ⊗ dτ +
n∑
i=1
Aiτ
2αigi, (1.1)
ϕβ = αβ ln τ + ϕβ0 , (1.2)
where
n∑
i=1
diα
i = 1, (1.3)
n∑
i=1
di(α
i)2 + αβαγhβγ = 1, (1.4)
ϕβ0 are constants i = 1, . . . , n ; β, γ = 1, . . . , l ; and w = ±1 .
It was shown in [5] that the set of Kasner parameters (α
′A) after the
collision with the s -th wall is defined by the Kasner set before the collision
(αA) according to the following formula
α
′A =
αA − 2Us(α)UsA(Us, Us)−1
1− 2Us(α)(Us, UΛ)(Us, Us)−1 . (1.5)
Here (αA) = (αi, αβ) ∈ RN , N = n+ l ; Us is a brane co-vector correspond-
ing to the s -th wall and UΛ is a co-vector, corresponding to the Λ -term.
These vectors and the scalar product (., .) were defined in [7, 9, 8, 5], see
also Section 3 of this paper.
In the special case of one scalar field and 1 -dimensional factor-spaces (i.e.
l = di = 1 ) this formula was suggested earlier in [10]. Another special case
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of collision law for multidimensional multi-scalar cosmological model with
exponential potentials was considered in [11].
In this paper we consider an exact S -brane solution with one brane (ei-
ther electric or magnetic) in the model with l scalar fields and one antisym-
metric form of rank m ≥ 2 (see Section 2) [15, 16]. This solution is defined
on a product manifold containing n Ricci-flat factor spaces. In Section 3
we rewrite the solution in a so-called “minisuperspace-covariant” form that
significantly simplifies forthcoming analysis.
In the case when the kinetic term for scalar fields is positive definite one
we single out a special solution governed by the cosh function. In Section
4 we show that this solution has a Kasner-like asymptotics in both limits
τ → +0 and τ → +∞ , where τ is the synchronous time variable. We also
find a relation between two sets of Kasner parameters α∞ and α0 . This
relation (“scattering law” formula) is coinciding with the CL formula from
(1.5).
In Section 5 we clarify the geometric sense of the SL. We have expressed
the SL transformation in terms of a function mapping a “shadow” part of the
Kasner sphere SN−2 onto “illuminated” part. We show that this function is
just an inversion with respect to a point v located outside the Kasner sphere
SN−2 .
In Section 6 we present explicit formulae for SL transformations corre-
sponding to SM2 - and SM5 -brane solutions in 11 -dimensional supergrav-
ity.
2 S -brane solution
Here we deal with a model governed by the action
Sg =
∫
dDx
√
|g|
{
R[g]− hαβgMN∂Mϕα∂Nϕβ − θ
m!
exp[2λ(ϕ)]F 2
}
(2.1)
where g = gMN(x)dx
M ⊗ dxN is a metric, ϕ = (ϕα) ∈ Rl is a vector of
scalar fields, (hαβ) is a constant symmetric non-degenerate l × l matrix
(l ∈ N) , θ = ±1 , F = dA = 1
m!
FM1...Mmdz
M1 ∧ . . . ∧ dzMm is a m -form
(m ≥ 1 ), λ is a 1-form on Rl : λ(ϕ) = λαϕα , α = 1, . . . , l . In (2.1) we
denote |g| = | det(gMN)| , F 2 = FM1...MmFN1...NmgM1N1 . . . gMmNm .
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For pseudo-Euclidean metric of signature (−,+, . . . ,+) one should put
θ = 1 .
We consider S -brane solution (either electric or magnetic one) to field
equations corresponding to the action (2.1) and depending upon one variable
u [15, 16] (see also [14, 12, 8]).
This solution is defined on the manifold
M = (u−, u+)×M1 ×M2 × . . .×Mn, (2.2)
where (u−, u+) is an interval belonging to R , and has the following form
g = [f(u)]2d(I)h/(D−2)
){
exp(2c0u+ 2c¯0)wdu⊗ du+ (2.3)
n∑
i=1
(
[f(u)]−2hδ
i
I
)
exp(2ciu+ 2c¯i)gi
}
,
exp(ϕα) =
(
fhχλ
α)
exp(cαu+ c¯α), (2.4)
F = Qf−2du ∧ τ(I), χ = +1, (2.5)
= Qτ(I¯), χ = −1, (2.6)
w = ±1 , α = 1, . . . , l .
Here and in what follows
χ = +1,−1 (2.7)
for electric or magnetic case, respectively, Q 6= 0 is a constant (charge density
parameter) and λα = hαβλβ where (h
αβ) = (hαβ)
−1 .
In (2.3) w = ±1 , gi = gimini(yi)dymii ⊗ dynii is a Ricci-flat metric on Mi ,
i = 1, . . . , n ,
δiI =
∑
j∈I
δij (2.8)
is the indicator of i belonging to I : δiI = 1 for i ∈ I and δiI = 0 otherwise.
The set I = {i1, . . . , ik} is a subset of I0 = {1, . . . , n} . It describes the
location of S -brane worldvolume. Here and in what follows
I¯ ≡ I0 \ I. (2.9)
All manifolds Mi are assumed to be oriented and connected and the
volume di -forms
τi ≡
√
|gi(yi)| dy1i ∧ . . . ∧ dydii , (2.10)
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and parameters
ε(i) ≡ sign(det(gimini)) = ±1 (2.11)
are well-defined for all i = 1, . . . , n . Here di = dimMi , i = 1, . . . , n ;
D = 1+
∑n
i=1 di . For any set I = {i1, . . . , ik} ∈ I0 , i1 < . . . < ik , we denote
τ(I) ≡ τi1 ∧ . . . ∧ τik , (2.12)
d(I) ≡
∑
i∈I
di, (2.13)
ε(I) ≡ ε(i1) . . . ε(ik). (2.14)
The parameters h appearing in the solution satisfy the relations
h = K−1, (2.15)
where
K = d(I) +
(d(I))2
2−D + λαλβh
αβ . (2.16)
Here we assume that K 6= 0 .
The moduli function reads
f(u) = R sinh(
√
C(u− u1)), C > 0, Kε < 0; (2.17)
R sin(
√
|C|(u− u1)), C < 0, Kε < 0; (2.18)
R cosh(
√
C(u− u1)), C > 0, Kε > 0; (2.19)
|Q||K|1/2(u− u1), C = 0, Kε < 0, (2.20)
where R = |Q||K/C|1/2 , and C , u1 are constants.
Here ε = ε(I)θ for electric case and ε = −ε[g]ε(I)θ for magnetic case,
where ε[g] = sign det(gMN) .
Vectors c = (cA) = (ci, cα) and c¯ = (c¯A) obey the following constraints∑
i∈I
dic
i − χλαcα = 0,
∑
i∈I
dic¯
i − χλαc¯α = 0, (2.21)
c0 =
n∑
j=1
djc
j, c¯0 =
n∑
j=1
dj c¯
j , (2.22)
CK−1 + hαβc
αcβ +
n∑
i=1
di(c
i)2 − (
n∑
i=1
dic
i)2 = 0. (2.23)
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Due to (2.5) and (2.6), the dimension of brane worldvolume d(I) is de-
fined by
d(I) = m− 1, d(I) = D −m− 1, (2.24)
for electric and magnetic cases, respectively. For Sp -brane we have p =
p(I) = d(I)−1 . The solution under consideration is a special one brane case
of intersecting S -brane solutions from [14, 15, 16].
3 Minisuperspace-covariant notations
Our solution may be written also in the so-called “minisuperspace-covariant”
form following from the sigma-model solution [12].
The metric (2.3) has the structure
g = e2γ0(u)du⊗ du+
n∑
i=1
e2φ
i(u)gi, (3.1)
where
γ0 =
n∑
i=1
diφ
i(u). (3.2)
Introducing a collective variable x = (xA) = (φi, ϕα) we get a minisuperspace-
covariant relation (see (2.3) and(2.4)):
xA(u) = − U
A
(U, U)
ln |f(u)|+ cAu+ c¯A, (3.3)
where the function f(u) was defined in (2.17)-(2.20) and c = (cA) = (ci, cα) .
The linear and quadratic constraints from (2.21) and (2.23), respectively,
read in a minisuperspace covariant form as:
UAc
A = 0, UAc¯
A = 0, (3.4)
and
C
(U, U)
+ G¯ABc
AcB = 0. (3.5)
Here
(UA) = (diδ
i
I ,−χλα), (3.6)
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is the so-called brane co-vector (U-vector) [7, 9]
(UA) = (G¯ABUB) = (δ
i
I −
d(I)
D − 2 ,−χλ
α), (3.7)
and
(G¯AB) =
(
Gij 0
0 hαβ
)
, (G¯AB) =
(
Gij 0
0 hαβ
)
(3.8)
are, correspondingly, a minisuperspace metric and inverse to it, where (see
[17])
Gij = diδij − didj, Gij = δ
ij
di
+
1
2−D. (3.9)
In what follows we use a scalar product [7]
(U, U ′) = G¯ABUAU
′
B, (3.10)
for U = (UA), U
′ = (U ′A) ∈ RN , N = n+ l .
In (3.5) we used the relation
(U, U) = K. (3.11)
The logarithm of the lapse function (3.2) may be also written in the
minisuperspace covariant form
γ0 = U
Λ
Ax
A, (3.12)
where
(UΛA) = (di, 0) (3.13)
is U -vector, corresponding to the Λ -term [7, 9].
We will use also the relations
c0 = UΛAc
A, (3.14)
and
(U, UΛ) = − d(I)
D − 2 , (3.15)
(UΛ, UΛ) = −D − 1
D − 2 . (3.16)
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4 Scattering law for Kasner parameters
Here we restrict our consideration by a special solution with K = (U, U) > 0 ,
C > 0 and ε > 0 . We also put the matrix (hαβ) to be positive definite.
In this case the solution is governed by the moduli function f(u) =
R cosh(
√
C(u− u1)) and is defined for all u ∈ (−∞,+∞) .
4.1 Kasner-like behaviour
Let us consider our solution in a synchronous time:
τ = η
∫ u
u0
du¯eγ0(u¯), (4.1)
where η = ±1 , u0 is constant and
eγ0(u) = |f(u)|d(I)h/(D−2) exp(c0u+ c¯0) (4.2)
is a lapse function.
Due to
f ∼ R
2
exp(±
√
C(u− u1)), (4.3)
for u→ ±∞ , we get asymptotical relations for the lapse function
eγ0 ∼ const exp(b±
√
Cu), (4.4)
as u→ ±∞ , with
b± = ± hd(I)
D − 2 +
c0√
C
. (4.5)
Using relations (3.14), (3.15) and h = (U, U)−1 we could rewrite the
parameters b± in a minisuperspace-covariant form
b± = ∓(U
Λ, U)
(U, U)
+ (s, UΛ). (4.6)
where
s = (sA) = (G¯ABc
B/
√
C), (4.7)
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is a co-vector, obeying relations:
(s, U) = 0, (4.8)
1
(U, U)
+ (s, s) = 0. (4.9)
following just from (3.4) and (3.5). In derivation of (4.6) we used the relation
c0 = (s, UΛ)
√
C, (4.10)
following from (3.14) and (4.7).
In what follows we will use an inequality
|(s, UΛ)| > |(U
Λ, U)|
(U, U)
> 0, (4.11)
proved in Appendix. The proof uses relations (4.8), (4.9) and (U, U) > 0 .
The parameter c0 is a non-zero one (otherwise the relation (2.23) would
be incompatible with the conditions C > 0 , K > 0 and positive definiteness
of the matrix (hαβ)) . It follows from inequality (4.11) that b± are also non-
zero and
sign(b±) = sign((s, U
Λ)) = sign(c0). (4.12)
It may be verified that due to (4.11) the lapse function eγ0(u) is monoton-
ically increasing from +0 to +∞ for c0 > 0 and monotonically decreasing
from +∞ to +0 for c0 < 0 .
We define synchronous time variable to be
τ =
∫ u
−∞
du¯eγ0(u¯), (4.13)
for c0 > 0 and
τ =
∫ +∞
u
du¯eγ0(u¯), (4.14)
for c0 < 0 . Then, the function τ = τ(u) is monotonically increasing from
+0 to +∞ for c0 > 0 and monotonically decreasing from +∞ to +0 for
c0 < 0 .
We have the following asymptotical relations for τ = τ(u)
τ ∼ const b−1± exp(b±
√
Cu), (4.15)
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as u→ ±∞ .
For the collective variable (xA) = (φi, ϕα) from (3.3) we get (see (4.3))
xA(u) ∼ ∓U
A
√
Cu
(U, U)
+ cAu+ cˆA, (4.16)
as u → ±∞ , where cˆA are constants. Hence, due to (4.15) we are led to
Kasner-like asymptotics written in a minisuperspace covariant form
xA ∼ αA± ln τ + xA±, (4.17)
for u→ ±∞ , where xA± are constants and
αA± = [∓
UA
(U, U)
+ sA]/b± (4.18)
are collective Kasner-like parameters, corresponding to u→ ±∞ .
Asymptotical relations (4.17) could be also rewritten in the form assigned
to proper time asymptotics, i.e.
xA ∼ αA0 ln τ + xA0 , as τ → +0, (4.19)
xA ∼ αA∞ ln τ + xA∞, as τ → +∞. (4.20)
Here
αA0 = α
A
−, α
A
∞ = α
A
+ (4.21)
for c0 > 0 and
αA0 = α
A
+, α
A
∞ = α
A
− (4.22)
for c0 < 0 and xA0 , x
A
∞ are constants.
It follows from definitions of Kasner parameters (4.18) that
G¯ABα
A
±α
B
± = 0, (4.23)
U(α±) = UAα
A
± = ∓
1
b±
, (4.24)
UΛ(α±) = 1, (4.25)
see (4.6), (4.8) and (4.9).
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In components relations (4.23) and (4.25) read as
n∑
i=1
diα
i
± =
n∑
i=1
di(α
i
±)
2 + αβ±α
γ
±hβγ = 1. (4.26)
Thus, we are led to Kasner-like relations (1.3) and (1.4) for α± = (α
A
±) .
Hence, α0 = (α
A
0 ) and α∞ = (α
A
∞) also obey relations (1.3) and (1.4).
So, we obtain a Kasner-like asymptotical behaviour of our special solution
(with C > 0 and ε > 0 ) for i) τ → +0 and for ii) τ → +∞ , as well. The
Kasner-like behaviour in the case i) is in agreement with the general result
from [6].
Using (4.12) and (4.24) we get
U(α0) = UAα
A
0 =
∑
i∈I
diα
i
0 − χλβαβ0 > 0, (4.27)
U(α∞) = UAα
A
∞ =
∑
i∈I
diα
i
∞ − χλβαβ∞ < 0. (4.28)
The first inequality (4.27) is a special case of a set of inequalities derived in
[6]. Any inequality of such type corresponds to a billiard wall in hyperbolic
(e.g. Lobachevsky) space.
4.2 Scattering law
Now we derive a relation between Kasner sets α0 and α∞ .
We start with the formulas:
b+α+ − b−α− = − 2U
(U, U)
(4.29)
and
b+ − b− = −2(U
Λ, U)
(U, U)
(4.30)
following from (4.18) and (4.6), respectively. Using these relations and (4.24)
we get
αA± =
αA∓ − 2UAU(α∓)(U, U)−1
1− 2U(α∓)(U, UΛ)(U, U)−1 . (4.31)
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This formula gives a scattering law formula for Kasner parameters (see defi-
nitions (4.21) and (4.22))
α∞ =
α0 − 2UU(α0)(U, U)−1
1− 2U(α0)(U, UΛ)(U, U)−1 = S(α0). (4.32)
coinciding for U = Us with the collision law formula (1.5) derived in [5].
It should be also noted that due to (4.31) the inverse function S−1 is
given by just the same relation
α0 =
α∞ − 2UU(α∞)(U, U)−1
1− 2U(α∞)(U, UΛ)(U, U)−1 = S
−1(α∞). (4.33)
5 Geometric meaning of the scattering law
Let us clarify the geometric meaning of the scattering law. Since the matrix
(hαβ) is positive definite the Kasner relations (1.3) and (1.4) describe an
ellipsoid isomorphic to a unit (N − 2) -dimensional sphere SN−2 which is a
subset of RN−1 , N = n + l . Thus, the sets of Kasner parameters α may
be parametrized by vectors ~n ∈ SN−2 , i.e. α = α(~n) . Let us show that the
scattering law formula (1.5) in terms of ~n -vectors reads as follows
~n′ =
(~v2 − 1)~n+ 2(1− ~v~n)~v
(~v − ~n)2 (5.1)
where ~v is a vector belonging to RN−1 with |~v| > 1 .
Now we proceed with derivation of (5.1). The minisuperspace metric (3.8)
has a pseudo-Euclidean signature (−,+, . . . ,+) , since the matrix (Gij) has
the pseudo-Euclidean signature [17] and (hαβ) has the Euclidean one. There
exists a linear transformation
za = eaAx
A, (5.2)
diagonalizing the minisuperspace metric (3.8)
G¯AB = ηabe
a
Ae
a
B (5.3)
where here and in what follows
(ηab) = (η
ab) = diag(−1,+1, . . . ,+1), (5.4)
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(eaA) is a non-degenerate matrix of linear transformations and a, b = 0, . . . , N−
1 .
The matrix (eaA) satisfies the relation
ηab = eaAG¯
ABebB = (e
a, eb), (5.5)
equivalent to (5.3) where here ea = (eaA) .
For the inverse matrix (eAa ) = (e
a
A)
−1 we obtain from (5.5)
eAa = G¯
ABebBηba. (5.6)
Here we put as in [6]
e0 = q−1UΛ, (5.7)
where
q = [−(UΛ, UΛ)]1/2 = [(D − 1)/(D − 2)]1/2. (5.8)
We remind that UΛ is a time-like co-vector, i.e. (UΛ, UΛ) < 0 . (Explicit
relations for other co-vectors ei , i = 1, . . . , N − 1 , are irrelevant for our
consideration. A possible choice of ei is the following one: for i = 1, . . . , n−
1 , these co-vectors could be found from relations for zi of Ref. [17], while for
i = n, . . . , N−1 these co-vectors could be readily obtained by diagonalization
of the matrix (hαβ) .)
Let us define a “frame” U-vector:
Uˆa = e
A
aUA = (U, e
b)ηba, (5.9)
(see (5.6)). It follows from (3.15), (5.7) and (5.9) that
Uˆ0 = −(U, e0) = −q−1(U, UΛ) > 0. (5.10)
We also define “frame” α -parameters:
αˆa = eaAα
A. (5.11)
In terms of αˆ -parameters the Kasner relations (written in a “minisuperspace
covariant” form)
G¯ABα
AαB = 0, (5.12)
UΛ(α) = 1 (5.13)
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read as
ηabαˆ
aαˆb = −(αˆ0)2 +
N−1∑
i=1
(αˆi) = 0, (5.14)
UΛ(α) = qe0(α) = qe0Ae
A
b αˆ
b = qαˆ0 = 1. (5.15)
These equations imply [6]
αˆ0 = q−1, αˆi = q−1ni, (5.16)
i = 1, . . . , N − 1 , where the vector ~n = (ni) ∈ RN−1 has the unit length:
~n2 = 1 , i.e. ~n ∈ SN−2 . Relations (5.11) and (5.16) define a one-to-one
correspondence between the points of the Kasner sphere SN−2 and Kasner
sets α .
Now we define a vector ~v = (vi) ∈ RN−1 by formula
vi = −Uˆi/Uˆ0, (5.17)
i = 1, . . . , N − 1 [6]. Since
ηabUˆaUˆb = −(Uˆ0)2 +
N−1∑
i=1
(Uˆi)
2 = (U, U) > 0, (5.18)
we get |~v| > 1 . Using relations (5.9), (5.11), (5.16) and (5.17), we obtain
U(α) = UAα
A = Uˆaαˆ
a = q−1Uˆ0(1− ~v~n). (5.19)
Due to (5.19) and Uˆ0 > 0 , the following equivalences take place
U(α) > 0⇔ ~v~n < 1, (5.20)
U(α) < 0⇔ ~v~n > 1. (5.21)
Since the asymptotical Kasner sets α∞ = α(~n∞) and α0 = α(~n0) obey the
inequalities U(α∞) < 0 and U(α0) > 0 , we get
~v~n0 < 1, ~v~n∞ > 1. (5.22)
Geometrically, this means that the endpoint of the vector ~n0 is not illumi-
nated by a point-like source of light located at the endpoint of the vector ~v
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(i.e. the endpoint of ~n0 belongs to the “shadow side” of the Kasner sphere),
while the endpoint of the vector ~n∞ is illuminated by this source.
Using the definitions (5.9) and (5.11) we rewrite the scattering law for-
mula (1.5) (with Us = U ) in a (equivalent) “frame representation”
αˆ
′a =
αˆa − 2Uˆ(αˆ)Uˆa(U, U)−1
1− 2Uˆ(αˆ)(U, UΛ)(U, U)−1 . (5.23)
where Uˆ(αˆ) = Uˆaαˆ
a = U(α) is given by (5.19) and
Uˆa = eaAU
A = ηabUˆb. (5.24)
Formula (5.23) is satisfied identically for a = 0 , due to relations (5.10),
(5.16) and Uˆ0 = −Uˆ0 . It may be verified using (5.10), (5.16)-(5.19) and
Uˆ i = Uˆi , i > 0 , that for a = i > 0 relation (5.23) coincides with (5.1).
Thus, we proved the formula (5.1) with ~n = ~n0 and ~n′ = ~n∞ .
It follows from (5.1) that
~n′ − ~v = B(~n− ~v), (5.25)
where B = (~v2 − 1)/(~v − ~n)2 > 0 . Thus, the endpoints of the vectors ~v ,
~n′ and ~n belong to one line. Hence, the endpoint of the vector ~n′ may
be obtained as a point of intersection of the Kasner sphere with the line
connecting the endpoints of the vectors ~v and ~n . Thus, the scattering law
transformation (5.1) is just an inversion with respect to a point v located
outside the Kasner sphere SN−2 . The point v is the endpoint of the vector
~v . This transformation map the “shadow domain” of Kasner sphere onto
“illuminated domain”.
Remark. We remind that according to an analysis carried out in [6] the
solution under consideration is described for τ → 0 by a geodesic motion of
a point-like particle in a billiard. This billiard belongs to the Lobachevsky
space HN−1 identified with the unit ball DN−1 = {~y : |~y| < 1} . It is
described by the relation: |~y − ~v| > r , where r = √~v2 − 1 . The billiard
wall is a part (belonging to DN−1 ) of a (N − 2) -dimensional sphere with a
center in the endpoint of ~v and radius r .
6 Example: D = 11 supergravity
Now we consider, as an example, D = 11 supergravity [18]. The bosonic
sector action reads in this case as
S =
∫
d11z
√
|g|
{
R[g]− 1
4!
F 2
}
+ c
∫
M
A ∧ F ∧ F (6.1)
where F = dA is a 4-form and constant c is irrelevant for our consideration.
Since the second term in (6.1) (called as Chern-Simons term) does not depend
upon a metric, the Hilbert-Einstein equations are not changed when it is
omitted . The only modification of equations of motion is related to Maxwell-
type equations
d ∗ F = const F ∧ F. (6.2)
Due to relations for F in (2.5) and (2.6) we get F ∧ F = 0 . Thus, the
solution from the Section 2 in the special case D = 11 , w = −1 , l = 0 (i.e.
when scalar fields are absent) and m = 4 gives us either SM2 - or SM5 -
brane solution in 11 -dimensional supergravity (see also [13] and references
therein).
In this case α = (αi) and the relations on Kasner parameters (1.3) and
(1.4) read
n∑
i=1
diα
i =
n∑
i=1
di(α
i)2 = 1. (6.3)
For U = (Ui) we get (U, U) = 2 , (U, U
Λ) = −1
9
d(I) and U i = δiI− 19d(I) .
Here d(I) = 3 for electric SM2 -brane and d(I) = 6 for magnetic SM5 -
brane.
Thus, the scattering law (4.32) for SM -branes reads as follows
αi∞ =
αi0 − (δiI − 19d(I))U(α0)
1 + 1
9
U(α0)d(I)
. (6.4)
where
U(α0) =
∑
i∈I
diα
i
0 > 0. (6.5)
In terms of Kasner sphere parametrization of α -parameters the scattering
law relation (6.4) is given by the formula (5.1) with ~n = ~n0 , ~n′ = ~n∞ and
N = n .
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Using (U, U) = 2 and (5.10) we get ~v2 = 21 in the electric case and
~v2 = 6 in the magnetic case [6]. This means that illuminated part of the
Kasner sphere Sn (containing endpoints of ~n∞ ) is larger in the electric
case, while the shadow domain (containing endpoints of ~n0 ) is larger in the
magnetic case.
7 Conclusions
We have considered the exact S -brane solution with one brane (either elec-
tric or magnetic) to field equations corresponding to the action (2.1) con-
taining l scalar fields and one antisymmetric form of rank m ≥ 2 [15, 16].
This solution is defined on the product manifold (2.2) containing n Ricci-flat
factor spaces M1, ...,Mn .
In the case when the matrix (hαβ) is positive definite we have singled
out a special solution governed by cosh moduli function. We have shown
that this solution has Kasner-like asymptotics in the limits u→ ±∞ , where
u is the harmonic time variable, or, equivalently, in the limits τ → +0 and
τ → +∞ , where τ is the synchronous time variable.
We have found a relation between two sets of Kasner parameters α∞ and
α0 . Remarkably, the relation between them α∞ = S(α0) is coinciding with
the “collision law” formula from [5]. We have also clarified the geometrical
sense of the scattering law. Namely, we have expressed the scattering law
transformation in terms of a function mapping a “shadow” part of the Kasner
sphere SN−2 onto “illuminated” one. This function is just an inversion with
respect to a point v located outside the Kasner sphere SN−2 . The shadow
and illuminated parts of the Kasner sphere are defined w.r.t. a point-like
source of light located at v .
We have also written explicit formulae for scattering law transformations
corresponding to SM2 - and SM5 -brane solutions in 11 -dimensional su-
pergravity.
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Appendix
Let us prove the inequality (4.11)
|(s, UΛ)| > |(U
Λ, U)|
(U, U)
> 0,
for a vector s = (sA) ∈ RN (N = n + l ) obeying relations (s, U) = 0 ,
(s, s) = −1/(U, U) . Here the scalar-product (U, U ′) = G¯ABUAU ′B , is defined
by the matrix (G¯AB) from (3.8) with a positive definite matrix (hαβ) and
Gij = δijd−1i +(2−D)−1 . We also use here the following relations (U, U) > 0 ,
(UΛA) = (di, 0) and (U
Λ, UΛ) < 0 .
Proof. Let us define the vector
U1 = U − (U, U
Λ)
(UΛ, UΛ)
UΛ. (A.1)
It is clear that (U1, U
Λ) = 0 and
(U1, U1) = (U, U)− (U, U
Λ)2
(UΛ, UΛ)
> 0. (A.2)
since (U, U) > 0 and (UΛ, UΛ) < 0 . Let us define vectors:
s0 =
(s, UΛ)
(UΛ, UΛ)
UΛ, (A.3)
s1 =
(s, U1)
(U1, U1)
U1, (A.4)
s2 = s− s0 − s1. (A.5)
s0 , s1 and s2 are mutually orthogonal and hence
(s, s) = (s0, s0) + (s1, s1) + (s2, s2). (A.6)
For the first two terms in r.h.s. of (A.6) we get
(s0, s0) =
(s, UΛ)2
(UΛ, UΛ)
, (A.7)
(s1, s1) =
(s, U1)
2
(U1, U1)
=
(s, UΛ)2
(UΛ, UΛ)
(U, UΛ)2
[(U, U)(UΛ, UΛ)− (U, UΛ)2] (A.8)
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that implies
(s, s) =
(s, UΛ)2(U, U)
(U, U)(UΛ, UΛ)− (U, UΛ)2 + (s2, s2). (A.9)
For the third term in r.h.s. of (A.6) the following inequality is valid
(s2, s2) ≥ 0, (A.10)
Indeed, due to (s2, U
Λ) = 0 , or, equivalently,
∑n
i=1 s
i
2di = 0 , and the
positive definiteness of the matrix (hαβ) , we obtain
(s2, s2) = GABs
A
2 s
B
2 =
n∑
i=1
(si2)
2di + hαβs
α
2s
β
2 ≥ 0. (A.11)
Using this inequality, (A.9), (UΛ, UΛ) < 0 and (s, s) = −1/(U, U) we get
(s, UΛ)2 = [
(U, UΛ)2
(U, U)
−(UΛ, UΛ)][(U, U)−1+(s2, s2)] > (U, U
Λ)2
(U, U)2
> 0, (A.12)
that is equivalent to the inequality (4.11). Thus, (4.11) is proved.
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